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SCATTERING FOR THE YANG-MILLS EQUATIONS

JOHN C. BAEZ

ABSTRACT. We construct wave and scattering operators for the Yang-Mills equa-
tions on Minkowski space, My = R*. Sufficiently regular solutions of the
Yang-Mills equations on M, are known to extend uniquely to solutions of
the correspondmg equations on the universal cover of its conformal compact-
ification, M=~RxS3. Moreover, the boundary of M, as embedded in M
is the union of “lightcones at future and past infinity”, C+. We construct
wave operators Wy as continuous maps from a space X of time-zero Cauchy
data for the Yang-Mills equations to Hilbert spaces H(C+) of Goursat data on
C4+ . The scattering operator is then a homeomorphism S: X — X such that
UW, = W_S, where U: H(C,) — H(C-) is the linear isomorphism arising
from a conformal transformation of M mapping C_— onto C;. The maps
W4 and S are shown to be smooth in a certain sense.

1. INTRODUCTION

The conformal invariance of the Yang-Mills equations in four dimensions
greatly facilitates the study of the temporal asymptotic behavior of their solu-
tions. There is a natural conformal embedding : of Minkowski space, M, =

R4, into the universal cover of its conformal compactification, Mz~RxS.
Conformally invariant wave equations on M,, may thereby be extended to cor-
responding equations on M [1, 2]. In particular, if 4 is a connection satisfying
the Yang-Mills equations on M, 1" A satisfies the Yang-Mills equations on M,, .
Techniques used to prove global existence for the Yang-Mills Cauchy problem
on M, extend to prove global existence on M , allowing the derivation of pre-
cise asymptotics for Yang-Mills fields on M, [3, 4]. Here we construct wave
and scattering operators for the Yang-Mills equations on M, in terms of the
embedding 1: M, — M.

The boundary of M, in M is the union of two characteristic cones C , the
“lightcones at past and future infinity”. Points of C, correspond to limits of
null lines in M, as the time coordinate in M,, approaches +oo. The scattering
theory of conformally invariant wave equations on M, is thus closely related
to the Goursat problem on M , in which solutions are determined by data on a
characteristic cone [5]. Moreover the surface where the time coordinate of M,
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is zero is just the Cauchy surface {0} xS> c M witha single point removed. For
the equation Of +Af 3 = 0 this allowed the formulation of wave operators W,
as nonlinear maps from a Hilbert space of Cauchy data at time zero to Hilbert
spaces of Goursat data on the cones C, [6]. These maps can be correlated
with the traditional wave operators mapping sufficiently regular solutions of
af + Af =0 to temporally asymptotic solutions of the free wave equation.
Moreover, the maps W, are smooth with smooth inverses, so the scattering

operator W+(W_)"1 exists and is a diffeomorphism [7].

A difficulty in extending this approach to the Yang-Mills equations is that
global existence has not been proven for finite-energy Cauchy data, but only for
data having more derivatives. The techniques used in [6] to solve the Goursat
problem and invert the operators W, rely heavily upon the fact that the spaces
of Goursat data have energy-type norms. Thus while we construct wave opera-
tors for the Yang-Mills equations and show they are smooth in a certain sense,
we do not prove them invertible.

Nonetheless, a scattering operator of a different sort t can be constructed. The
group SO~ (2,4) of conformal transformations of M has a unique central
element { mapping C_ onto C_, and the action of this element { on solutions

of conformally invariant equations on M corresponds to scattering [5]. We
show that for the Yang-Mills equations this map is smooth, and describe its
relationship to the wave operators.

2. THE SCATTERING OPERATOR

First we recall the basic global existence theorem of [4]. We shall identify the
universal cover of conformally compactlﬁed Mmkowskl space, M with Rx S°
given the metric de® — ds* , where df® and ds’ are the standard Riemannian
metrics on R and S° , respectively. Let g be the Lie algebra of a compact Lie
group. Given a smooth manifold M, possibly with boundary, let (M ,g)
denote the g-valued differential p-forms over M . (We use this notation in in-
formal contexts when no particular degree of differentiability need be specified.)
Following the notation of [8], the Yang-Mills equations for 4 € Q! (ﬁ ,8) may
be written as:

(1 F=dA+%[A,A]; d«F+[A,*xF]=

In temporal gauge, the dt component of A is assumed to vanish, where ¢
is the R-valued coordinate on M. We shall identify elements 4 € QI(M,g)
with vanishing d¢ component with functions 4: R — QI(S3 ,8) . Let d; denote
exterior differentiation of g-valued forms on s3 , and let * , denote the Hodge

-operator on g-valued forms on S with respect to the metric ds®. Given
A,BeQ ( ,g) , we make the following definitions:

AxB= *[A4,B], [4;B]=x][A4, * B],
VA= xd x A, VxA=xdA,
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and given f € QO(S3 ,8) we define Vf tobe d f. Note that if A denotes the
Laplace-Beltrami operator on Q'(S”,g), we have Ad = V x(V x A)—V(V-A).

Using ' to denote d,, and working in temporal gauge, the equations (1) are
equivalent to the evolution equation
2 A"+VX(VxA)+AX(VXA)+IVX(AXxA)+Li4x(AxA)=0
together with the constraint
(3) V.-A +[4;41=0.

Identifying S with SU (2),1let ¥;, 1 <i<3,be an orthonormal basis of
left-invariant vector fields on S>. Let Q,'( (S3 ,g) denote the space of g-valued

one-forms on S° with all components lying in the Sobolev space H k (S3) , given
the structure of a real Hilbert space with the following norm:

141 = ¥ [ 1@+ 2a0p

1<i<3

where here A denotes the Laplacian as a selfadjoint operator on LZ(S3 ,8),and
| -] denotes any Hilbert norm on g.

The evolution equation (2) may be desingularized by differentiating it with
respect to ¢ and using the constraint (3) to rewrite the resulting term Vx(Vx4')
as A4'~V[4;4']. Let H denote the real Hilbert space Q;(S”,g)@Q,(S>,8)®

Q] (S*,g); H will be used as a space of Cauchy data (4,4’ ,4"). Let X denote
the set of Cauchy data in H satisfying (2) and (3), that is, those (4,,4,,4;) €
H such that V-4, +[4,;4,] =0 and

Ay+ VX (VXA)+A X (VXA)+3VX (4, xA)+34, x(4, xA4,)=0.

Note that X is a closed subset of H; we give X the metric arising from the
normon H. Let L be the unbounded operator on H with domain Q},(S3,g)€9
Q;(S°,8) ® (S’ 8) given by

L(A,,A,,4;) = (4,,45, —(A+ 1)4,),
and let N: H— H be the function given by
N(A,,A4,,4,)=(0,0,k(4,,4,))
where
k(A4,,A4,) =V[A4,;4,] - A, x (Vx 4,) — A, x (Vx A4,) =V x (4, x 4,)
—A; x (A xA4,) - 34, x (4, x 4))+ 4, .

It follows from results in [4] that L generates a strongly continuous one-
parameter semigroup on H, and that the function N is C* from H to H
with all derivatives bounded on bounded sets.

The global existence result may be stated as follows:
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Lemma 1. For any Cauchy datum u, € X there is a unique continuous u: R - X
satisfying

(4) u(t) = e"uy + /t "IN (u(s)) ds.
0

Let (A,(1),A,(t),A5(t)) = u(t), and let A € Ql(ﬁ,g) denote the g-valued
one-form corresponding to the continuous function A,: R — Q;(S3 ,8). Then A
satisfies (2) and (3) in the distributional sense.

Proof. This follows from Theorems 3 and 4 of [4]. O

Define the map 7: R x X — X as follows: given u, € X, let u: R — X be
the unique continuous solution of (4), and let T(f)u, = u(t). T is clearly a
group action of R on the space X. This group action extends to an action ,\9f
R x SO(4), which is the identity component of the group of isometries of M :

Lemma 2. The group SO(4) has a strongly continuous orthogonal representation
on H given by:

g(A,,4,,4;) = (g7 4,,(g7)"4,,(g7)"4y)

where g": QI(S 3 ,8) — Q' (S3 ,8) denotes the pullback map induced by the dif-
feomorphism g: S® — S corresponding to g € SO4). If g € SO4) and
u €X, then gu € X. Moreover, there is a group action T': R x SO(4)X — X
given by:

I'(t,g)u=T(t)(gu), (t,g8)eRxSO4), ueH.

Proof. Since the action of SO(4) on S3 is isometric the linear transformation
of H given by u — gu is an isometry. The action of SO(4) on any Sobolev
space H* (S3) is strongly continuous, so (g,u) — gu is a continuous orthogo-
nal representation. Moreover, if u = (4,,4,,4;) €X and gu=(B,,B,,B;),
then simple computations show that V. B, + [B,;B,] = 0 and

By +V x(VxB))+B, x(VxB,)+3Vx(B xB)+31B x(B xB)=0,

hence gu € X. That I' is a group action follows from the fact that 7T(¢)gu =
gT(t)u, a consequence of the SO(4)-invariance of equation (4). O

As mentioned above, the action of the central element { € SO~ (2,4) on
the space of solutions of the Yang-Mills equation may be interpreted as the
scattering operator [5]. In its action as a conformal transformation of M it
corresponds to the isometry (7, —I) € Rx.SO(4) . Thus we define the scattering
operator S: X — X by S =I'(n, — I). In a certain sense S is smooth, but
since X is not a submanifold of H [9], some care is required to make this
precise. We will show that the action I' of R x SO(4) on X extends to a
local action T of R x SO(4) as C* maps defined on neighborhoods of X.
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More precisely:

Theorem 3. For any (t,g) € RxSO(4) there is an open set U, C H containing
X and a function T(t,g8): U, — H such that:

(a) The restriction of T(t,g) to X is T'(¢,g).

(b) When both sides are defined, T(t,g)T(s,h)v =T(t+s,gh)v.

(©) If |s| < |t| then U, CU,. If t>0 and v € U,, T(s,I)v is continuous
as a function of s from [—t,t] to H.

(d) Forall n > 1 the function T(t,g): U, — H has a continuous nth Fréchet
derivative D"T(t,g): HxH" — H, where H" denotes the n-fold product of H.
For all v € U, the multilinear map D"T{(s,g)v: H" — H satisfies

sup{||D"T(s, g)v||: g € SO4),]s| < |t|} < > .
Proof. Suppose that u, € X and ¢ > 0. We shall show that for some ¢, M >0,

if |luy—u,ll <e, 0<1,<t,and v:[-¢,,t] — H is a continuous functions
such that

(5) v(s) = ey + / ' LN (s)) ds
0

then sup,_, . lv(s)| < M. It then follows from the theory of nonlinear
semigroups [10] that for any v, € H with |lv, — uy|| < & there is a unique
continuous function v: [—¢,¢] — H satisfying (5).

Let F: R’ = R be a continuous function, increasing in each variable, such
that

ING) = NI < FAxIL IyDx=»l,  x,yeH.
Let u: R — X be as in Lemma 1, and let
M= sup |lu(s)|+1 and C= sup |e".
SE[—1,1] s€[—t,1]

Choose ¢ > 0 such that ¢éCe“"™ ™" . | The value of ¢ depends on u,

and ¢; let us write it as &(u;,?). By the definition of ¢ and the SO(4)-
invariance of the equations (4) and (5), we may choose this function so that
e(uy,t) = e(gu,,t) for all g € SO(4). Moreover we may choose this function
so that 0 < s <t implies &(u,,) < &(u,s).

Let vy € H have [|v,—u|| < é(u,,?). Let 0< ¢, <¢,andlet v: [-,,)]—
H be continuous, satisfying (5). The proof now proceeds by contradiction:
assume that for some s € [—,,¢,] we have ||v(s) —u(s)|| > 1. Let

T =inf{|s|: s € [~1,, ], ||v(s) — u(s)|| > 1} .

By continuity, either |[v(t) — u(7)|| = 1 or |Jv(-7) — u(-7)|| = 1. We may
assume that ||v(r) — u(7)|| = 1, as the other case is analogous. By (4) and (5),
for any s € [0, 7] we have

llo(s) — uls)|| < Ce(uy, 1) + C/OS F(losI, IIu(S')II)IIU(S') ~u(s')||ds’

< Ce(uy, 1) + CF(M, M) fo () — u(s)| ds'.
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Thus by Gronwall’s inequality and our choice of &(u,, ),
lo(2) = u(@)l| < e(uy, )Ce " < 1,

a contradiction. We conclude that for all s € [~,,¢)], ||[v(s)—u(s)|| < 1; hence
SUD ;g 1o IV(S)] < M as was to be shown.
Now for any ¢ € R define the open set U, C H as follows:

U= U{v: llv - ull <e(w, 1)}
ueX
Given v, € U,, let v: [-¢,t] — H be the unique continuous function satisfying
(5). Given s with |s| < ¢ let T(s)v, = v(s), and for g € SO(4) let

(7) I'(s, &)vy = gT(s)v, .

Statements (a) and (c) of the theorem now follow directly from the defini-
tions. Statement (b) follows from the same arguments used in Lemma 2. To
prove the differentiability claimed in (d) it suffices by (7) and Lemma 2 to prove
the existence of continuous Fréchet derivatives D"T(¢): H x H" — H. This
follows by induction on n using Theorem B’ of [11] and the fact that N is
C* with bounded derivatives on bounded sets. This theorem also establishes
that for v € U, and |s| < |¢|, the Frechét derivative D"T(s)v: H" - H is a
strongly continuous function of s. By the uniform boundedness theorem we
conclude that

sup ||D"T(s)v| < oo.

Is|<le|
Since SO(4) acts as orthogonal transformations of H and T(s,g) = gT(s),
we have ||D"T(s, g)v| = ||D"T(s)v||, hence

sup{||D"T(s, g)v||: g € SO4),|s| < |t|]} <o O

Corollary 4. For some open sets U,V C H containing X, the scattering operator
S: X — X extends to a diffeomorphism S: U — V.
Proof. Take U = U, NI(-n, —I)U_, let S be the restriction of I'(x, —I) to
U,andlet ¥V =SU. Then S: U — V is C* by part (c) of the theorem, and
if veU, I'(-n, - I)Sv = v by part (b), so I(-x, —I)|V isa C* inverse
of §S. O

3. THE WAVE OPERATORS

In this section we describe wave operators mapping a Cauchy datum in X
to restrictions of the corresponding solution of the Yang-Mills equation to the
“lightcones at infinity”, C, C M. Let p denote the arclength from the point

in $° corresponding to the identity of SU(2). Let C, be the subsets of M
given by the equations ¢t = +(n — p). We define the Sobolev spaces H* (Cy)
through the identification of C, with s by means of the one-to-one maps

(t,x)—x, (t,x)€CLCRxS’.
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The Sobolev space H l(C ,) is of particular significance, being the space of
“finite-energy Goursat data” for the conformally invariant scalar wave equation
on M, that is, the space of restrictions to C, of finite-energy solutions of
(O+ 1)p = 0, where O denotes the D’Alembertian on functions ¢: MR
[6]. Let E, denote the pullback of the bundle of g-valued one-forms on M to
the subspace C, , and let H(C,) denote the space of sections of E, with all
components lying in the Sobolev space H ! (Cy).

We shall formulate the wave operators for the Yang-Mills equations in terms
of the spaces H(C, ), as follows. As Cauchy datum u € X determines a solution
of the Yang-Mills equations in temporal gauge, 4 € Ql(ﬁ,g). Letting X,
denote the lifts to M of the previously described vector fields V; on s? , and
letting X, = 9,, the vector fields X;, 0 <i < 3, form an orthonormal basis of
vector fields on M. We shall show that the restrictions A|C,, (X;A4)|C, , and
(X, X;4)|C, are well-defined as elements of H(C, ). Moreover, the functions
u— A|C,, u— (X;4)|C, , and uw (X X,4)|C, extend to smooth functions
defined on an open neighborhood of X.

We make use of a lemma on the inhomogeneous wave equation for g-valued
one-forms. Let R be the region of M defined by {-n < ¢ < n}, and let V
be the space of g-valued one-forms on R with all components in the Sobolev
space LZ(R) , given the structure of a real Hilbert space.

Lemma 5. If 4,, A4, € Ql(S3,g) and h € Ql(ﬁ,g) are C* sections, then
there is a unique C™ section A € Ql(ﬁ,g) such that

(6) (D + I)A = h ’ (AaXOA)|t=0 = (Al 7A2) ’

where O denotes the D Alembertian on Ql(ﬁ,g). The restrictions A|C, are
functions of h|R, A, and A,, and the functions (h|R,A,,A,) — A|C, thus
defined extend uniquely to continuous maps

T,: Vo QS ,8)0Q)(S’,g) - H(C,) .
Proof. This is a straightforward consequence of Lemma 6 of [7], which states
an analogous result for the inhomogeneous scalar wave equation. 0O
Note that by the theory of the Cauchy problem for the inhomogeneous wave
equation, if (4,,4,) € Q:(S3 ,8) @ Q(l)(S3 ,8) and & € V then there exists

a unique 4 € Q:(R,g) satisfying (6) in the distributional sense. The above
lemma then allows us to define 4|C, as an element of H(C, ).

Theorem 6. Given u € X, let (A,(t),A,(t),A4(t)) = T(t)u, and let A denote
the element of Q'(lVI,g) corresponding to A;: R — Q;(S3, g). Then A|C,_,
(X;A)|C,, and (X X,A)|C,, where 0 < i < 3, are well-defined elements of
H(C,) asin Lemma 5. Moreover, for some open set U C H containing X the
functions u — A|C,, u— (X,4)|C,, and u— (X,,X,A)|C, extend to C*
maps from U to H(C,).
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Proof. By symmetry it suffices to consider the restrictions to C, . Suppose that
u€ U, and for |tf| < = let (4,(2),A4,(t),A45(t) = I'(¢,I)u, where the open
set U, CH and I'(¢,]) are as in Theorem 3. Let 4 denote the element of
QI(R,g) corresponding to A4,: [-7,n] — Q;(S3 ,8), and let h(u) denote the
element of V corresponding to

A+ A+ D)4, [-7,7] - Q)(S°,8) .

By equation (5) and the definition of L and N, we have (O + 1)4 = h(u)
in the distributional sense. Note that by statements (c), (d) of Theorem 3, the
functions u — h(u) is C* from U, to V. Let us write u = (B,,B,,B,). By
Lemma 5 and the remarks following, we may define 4|C, = T (h(u),B,,B,),
and conclude that u— A|C_ isa C* function from U, to H(C,).

Next we treat X;A|C, . Since the Lie derivations X; commute with the
differential operator [0, we have

@+ )X, A= Xh(x)

in the distributional sense. For 1 <i < 3 the map u — X;h(u) is C* from
U, to V, by Theorem 3. Moreover, by (5) we have

(7 Xoh(u) = Xo(A;+ (A+ 1)A4)) =k(4,,4,)

in the distributional sense. Since N is C* with bounded derivatives on
bounded sets, k is C* from Q;(S3 ,g)GBQ;(S3,g) to Q:(S3,g),with bounded
derivatives on bounded sets. It follows from Theorem 3 that the map u —
Xoh(u) is C*° from U, to V.

For each i, X;A|,_, and X X;A|,_, are well-defined distributions by the
theory of the Cauchy problem. Then for 1 <i <3 we have

(X4, Xo XDl iog = (VB , V;By),
while for i = 0 we have
2
(X,4 ,XOA)|,=0 = (B, »Bj) .

For each i it is evident that the map u — (X, 4, XX, 4)|,_, is C* from H to

Q:(S3 ,8) ® Q(l,(S3 ,8). Thus by Lemma 5 and the remarks following, we may
define

(X A|C, =T, (X;h(u),(X;4, X, X, A)|,_) »

and conclude that u — (X,4)|C, isa C® function from U, to H(C,).
We use a similar argument for (X X,4)|C, . Given u € X we have

@+ DX, X,4 = X X h(u)

in the distributional sense. By (7) we have

X, X,h(u) = X,k(4,, 4,).
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For 1 <i<3,since X;k is C* from Q;(Ss,g) EBQ;(SB,g) to Q(I)(S3,g) , it
follows from Theorem 3 that the map u — X X;h(u) is C* from U, to V.
For i = 0 we obtain the same conclusion as follows. By the chain rule we have

2

Xoh(u) = X,k(4,,4,) = k,(4,,4,)4;, + k,(4,,4,) 44
where k; denotes the Fréchet derivative with respect to A4, of the expression
for k(A4,,A4,). It follows from the Sobolev inequalities that the right side is

C*® from H to Q(l,(S3 ,8) , with bounded derivatives on bounded sets (see also

Lemma 2.2 of [4]). Thus by Theorem 3, the map u — Xgh(u) is C* from
U, to V.

For each i, X X,A4|,_, and Xg X, A|,_, are well-defined distributions, by the
theory of the Cauchy problem. For 1 <i <3 we have
2
(XoX;4, X XA, = (V;B,, V. By),
and for i =0 we have

(XoA4,X,A)|,_o = (By, — (A+ 1)B, + k(B,,B,)) .

For each i, it is evident that the map u — (XoXiA’XgXiA)L:o is C*° from
U, to Q:(S3 ,8) @ Q(l)(S3 ,8). Thus by Lemma 5 we may define

(XX A)IC, = T+(X0Xl.h(u),(XOXiA,XgXiA)L:O) ,
and note that u — (X,X,;4)|C, is C* from U, to H(C,). O

By the above theorem there exist continuous “wave operators” W, : X —

H(C,) such that W, (u) = A|C, where 4 € Q](ﬁ,g) is as in the theorem.
The relation between these wave operators and the scattering operator S is
given as follows:

Theorem 6. Let U: H(C,) — H(C_) be the isomorphism of real Hilbert spaces
given by

(UA)(t,x)=A(t+n,-x) (t,x)€C,CRxS".
Then we have W_S = UW., .

Proof. Suppose u € X, and let 4 € QI(M,g) be the corresponding solution
of the Yang-Mills equation in temporal gauge, as in the statement of Theorem
5. Then if B € Q'(M,g) denotes the solution of the Yang-Mills equation
in temporal gauge corresponding to Su € X, by the definition of S we have
B(t,x)=A(t+mn, — x). Thus

W_Su=B|C_=U(4|C,)=UW_u. O
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